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Abstract 

Using the Fitzpatrick function, we characterize the solutions for different classes of 
deterministic and stochastic differential equations driven by maximal monotone oper- 
ators (or in particular sub differential operators) as the minimum point of a suitably 
chosen convex lower semicontinuous function. Such technique provides a new approach 
for the existence of the solutions for the considered equations. 
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1 Preliminaries. Notations 

The Fitzpatrik function proved to be a very useful tool of the convex analysis in the study 
of maximal monotone operators. In our paper this function is used for deterministic and 
stochastic differential equations driven by multivalued maximal monotone operators. We 
will show how we can reduce the existence problem for stochastic differential equations of 
the following types: 
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• forward case 



(1) 



dXt + A (Xt) (dt) 3 F {t, Xt) dt + G (t, Xt) dWt 
Xo = ^, te [0, T] and 



t 5 



• backward case 



(2) 



-dYt + A {Yt) dt3H {t, Yt, Zt) dt - ZtdWt 
YT = i, t G [0,T] 
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to a minimizing problem for convex lower semicontinuous functions. 

Usually, existence results are obtained via a penalized problem with Yosida's approxima- 
tion operator :=[/—(/ + eA)~^]/e. 

For the forward equation ([T]), by studying first a generalized Skorohod problem 



the existence of the solution is obtained (see Bensoussan & Ra§canu [1], Ra§canu [16], or 
Asiminoaei & Ra§canu [T]) in the general case of a maximal monotone operator. 

For backward stochastic differential equations the existence problem (see Pardoux & Ras- 
canu [13]) is solved only in the case oi A = dip (the subdifferential of a lower semicontinuous 
convex function) and it is an open problem in the general case. That is the reason and the 
main motivation to find an approach via convex analysis. 

In 1988, in the paper [10], Fitzpatrick proved that any maximal monotone operator can 
be represented by a convex function; he explicitly defined the minimal convex representa- 
tion. The connection between maximal monotone operators and convex functions was also 
approached 13 years later by Martinez-Legaz & Thera in [12], Burachik & Svaiter in [7] and 
Burachik & Fitzpatrick in [6j. Since these last three papers, Fitzpatrick's results have been 
the subject of intense research (J. P. Revalski, M. Thera, R.S. Burachik, B.F. Svaiter, J.-P. 
Penot, S. Simons, C. Zalinescu, J.-E. Martinez-Legaz etc.). Their results stay in the domain 
of nonlinear operators: properties, characterizations, new classes of monotone operators. 

Using the idea of Fitzpatrick function we can reduce the existence problems for stochastic 
equations of the form ([1]) or ([2]) to a minimizing problem of a convex lower semicontinuous 
function. Inspired by the studies of Gyongy & Martinez [11], we present a new approach for 
solving the existence problem for stochastic differential equations with maximal monotone 
operator. In this paper we will identify the solutions of different types of forward and 
backward multivalued stochastic differential equations with the minimum points of a suitably 
chosen convex lower semicontinuous functionals. 

The paper is organized as follows. In the first section we present some basic properties of 
the Fitzpatrick's function and we will introduce the stochastic framework that will be used. 
The next section contains a Fitzpatrick function approach for the study of a generalized 
Skorohod problem as well of forward and backward stochastic differential equations, while 
Section 3 is dedicated to the case of forward and backward stochastic variational inequalities. 



dx (t) + A{x (t)) (dt) 3 f (t) dt + dm (t) , 
x(0) = xo, te [0,T]. 
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1.1 On Fitzpatrick's function 

Let (X, ||.||) be a real Banach space and (X*, ||.||^) be its dual. For x* G X* and x G X we 
denote x* (x) (the value of x* in x) by {x, x*) or {x*, x) . 

If A : X =^ X* is a point-to-set operator (from X to the family of subsets of X*), then 
Dom {A) := {x G X : A (x) 7^ 0} and R {A) = {x* : 3x G Dom (A) s.t. x* G A (x)} . We 
shall always assume that the operator A is proper, i.e. Dom (A) ^ 0. Usually the operator 
A is identified with its graph gr (A) = {(x, x*) G X x X* : x G Dom (A) , x* e A (x)}. 

The operator ^4 : X =^ X* is a monotone operator (A C X x X* is a monotone set) if 

(x -y,x*- y*) > 0, V (x, x*) , {y, y*) G A. 

A monotone operator (set) is maximal monotone if it is not properly contained in any other 
monotone operator (set). Clearly if A is maximal monotone and {y,y*) G X x X* then 

inf {y -u,y* - u*) >0 ^ {y,y*) e A. 
(u,u*)eA 

Given a function ip : X oo, +oo] we denote Dom (ip) := {x G X : ■?/' (x) < oo} . We 
say that ip is proper if Dom (ip) ^ 0. The sub differential dip : X =^ X* is defined by 

(x, X*) G dip if {y — X, X*) + ip (x) < ip (y) , Wy EX. 

It is well known that: if ^/^ is a proper convex l.s.c. function, then dip : X =^ X* is a maximal 
monotone operator. 

Let ip : X ^]— oo, +oo] be a proper function. The conjugate of ip is the function 

ip* : X*->]-oo,+oo], 

Ip* (x*) := sup {{u, X*) — Ip {u) : M G X} . 

Remark that, if /i : X x X*-^]— oo, +oo], then h* : X*xX**— >]— oo, -|-oo] and, for any 
(x*,x) G X*xX, h* (x*,x) is well defined by identifying X with its image under canonical 
injection of X into X**, that is, every x G X can be seen as a function x : X* — M defined 
by x(x*) = x*(x) = (x, X*). For a complete study on maximal monotone operators, one can 
consult Barbu [2j or Brezis [5J. 

Definition 1 Given a monotone operator A : X =^ X*, the associated Fitzpatrick function 
is defined as H = Ha : X x X* ^ ]— oo, +oo], 

H{x,x*) := {x,x*) - mi {{x - u,x* - u*) : {u,u*) e A} 
= sup{(m,x*) + (x, M*) - {u,u*) : {u,u*) G A} 

Clearly 7i{x,x*) < (x, x*), for all (x, x*) G A and, as supremum of convex strongly (and 
{w,w*)) continuous functions, TC = TCa : X x X* — ]— oo, -|-oo] is a proper convex strongly 
(and {w,w*)) l.s.c. function. Usually, we shall consider on X the strong topology and, on 
X* the w*-topology; in this case, 7i is also a l.s.c. function. Whenever is necessary, we will 
consider the Fitzpatrick function 7i restricted at U x V, with U C X and V C X*. 
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Let {x*, x) G dTi {u, u*). Then, from the definition of a subdifferential operator, we have 
{{x\x) , {z, z*) - {u, u*))+n (m, u*) < n {z, z*) , V {z, z*) G X** x X*, 
or, equivalent ly, 

{u-x,u* - X*) - inf {{u-y,u*- y*) : (y, y*) G A} 

(4) 

<{z-x,z*- X*) - inf {{z-y,z* - y*) : {y, y*) G A} , V {z, z*) G X** x X*. 

Since the operator A is a maximal monotone one, then 

inf {{u ~ y,u* - y*) : (y, y*) G A} < and 

inf {(z -y,z*- y*) : (y, y*) G A} = 0, V (z, z*) G A; 

consequently, we have 

(5) (x*, x) G 97i (m, u*) =^ {u — x,u* — X*) < inf {{z — x, z* — x*) : {z, z*) G A} . 

Also, by the monotonicity of A, from (jlj) follows 

(x, x*)gA {x*,x) e OHix^x*) . 

Hence, if A : X =^ X* is a maximal monotone operator, then T-Ca characterizes A as follows. 

Theorem 2 (Fitzpatrick) (see Fitzpatrick 110], Simons & Zalinescu 1171) Let A : X ^ X* 
he a maximal monotone operator and Ti its associated Fitzpatrick function. Then, for all 
G X X X*, 

l-i{x, X*) > {x, X*) . 

Moreover, the following assertions are equivalent: 

(a) {x,x*) G A; 

(b) n{x,x*) = {x,x*); 

(c) n*{x*,x) = {x,x*); 

{d) 3 {u,u*) e Dom{dH) such that {x* ,x) e dH {u,u*) and {u - x,u* - x*) = 0; 
(e) {x*,x) e dn{x,x*) . 

Proof. It is not difficult to show that (6) -v^ (a) =^ (e) =^ (d) =^ (a). Moreover, using the 
Fenchel equality: 

{x* ,x) E dH {x,x*) =^ T-C{x,x*) +T-C*{x*,x) = {{x,x*),{x*,x)) , 

we obtain that (e) & (6) =^ (c) . The point (c) yields (a) by using the equivalent form of the 
definition of H* : 

T-C*{x*,x) = {x,x*) — inf {{x — u,x* — u*) +T-C{u,u*) — {u,u*)} . 

{M,«*)eXxX* 
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Remark 3 The function T-La is minimal in the family of convex functions / : X x X* ^ 
]— oo, +00] with the properties: f{x,x*) > {x,x*) for all {x,x*) G X x X* and f{x,x*) = 
{x,x*) for all {x,x*) G A. 

Using the above tools, in the paper p/7j, Simons and Zalinescu give a nice proof of the 
famous Rockafellar's characterization of a maximal monotone operator. 

Let EI be a real separable Hilbert space and A : EI =^ EI be a maximal monotone 
operator. Denote for e > 0, J^, : EI — > H, the resp. 1/e -) Lipschitz continuous 
functions {x) = (J + eA)~^ {x) and 

A{x) = ^^—^eA{J,{x)). 

Let 

BVo ([0, T];m) = {k: [0, T] ^ H : Ikl^ < 00, A; (0) = 0} , 
where := ||^|lBy([o t] h) • consider on C ([0,T] ; H) the usual norm 

\\y\\c{[o,T];M) = ll^llr = sup{|?/(s)| : < s < T}, 
then (C ([0, T] ; H))* = BVq ([0, T] ; H) . We denote the duality between these spaces by 

{{z,g)):= r {zit),dgit)). 



Denote by A the realization on C ([0, T] ; EI) of the maximal monotone operator 
A : m ^ m, that is the operator A : C([0,T];e) ^ BVo{[0,T];M.) defined as follows: 
{x,k) e A a X E C ([0,r] ;M^), k G BVq ([0,r] ;e) and one of the following equivalent 
conditions are satisfied: 

(rfi) for all < s < t < T, f {x (r) - z, dk (r) - z*dr) > 0, V {z, z*) G A; 

J s 

{di) for all < s < t < T and for all m, u* G C([0, T]; H) such that (^(r), u*{r)) G A, Vr G 

ft 

(x(r) — u(r), dk{r-) — u*{r)dr) > 0; 
(4) for all u,u* G C([0,T];e) such that {u{r),u*{r)) G A, Vr G [0, T] , 

r-T 

(a;(r) — u{r), dk{r) — u*{r)dr) > 0. 
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^ is a maximal monotone operator since, setting 

^ ^jf x{r)+y{r) \ ^ x{r)+y{r) ^^^^ / x{r)+y{r) \ _ ^ x {r) + y {r] 



in ((^2) written for (x, k) ^ A and respectively for (y, i) & A and taking then £ — > 0, we infer 
(since eA^ ^ as £ ^ 0) that 

(6) {x (r) -y{r), dk (r) - d£ (r)) > 0, VO < s < t < T. 

The maximality clearly follows from the definition of A. 

For the reahzation of the operator A on (0, T; H) , r > 1, we use the same notation A 
without risk of confusion since every time we mention the space of realization. In this case, 

the operator A : U (0, T; H) =^ L« (0, T; H) , - + - = 1 is defined by (x, ^) G ^ if 



• ^ (x (r) - z,g (r) - z*) > 0, for all < s < i < T and for all (z, z*) e A, 

or (clearly), equivalently 

• g{t) eA{x{t)), a.e. t e [0,T]. 

Arguing similar to the previous situation, we obtain that ^ is a maximal monotone operator. 



1.2 Stochastic framework 

Let {Q, T ^ P, {^<}i>o) be a stochastic basis i.e. (Q, T ^ P) is a complete probability space and 
{Tt\t>Q is a filtration satisfying the usual assumptions of right continuity and completeness: 

for all < s < t, where Nf is the set of all P-nuU sets. 

Let (H, I • Ijj) be a real separable Hilbert space; if F is a closed subset of H, denote by 
Bp the (T-algebra generated by the closed subsets of F. 

Denote by [0,T] , p > 0, the space of progressively measurable continuous stochastic 
processes X : 1] x [0, T] — > HI (i.e. t 1 — > X(cj,t) is continuous a.s. G ^2, and (cj, s) 1 — > 
X (a;, s) : ^2 x [0, T] — >• EI is (jFj ® i3[o,t], -Bh) measurable for alH G [0, T]), such that 



l^llsg[o,T] 



where 



(E ||X||^)^''^ < 00, ifp> 0, 
E[1A||X||2.], ifp = 0. 



\X\\j, := sup \Xt\ . 
te[o,T] 
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The space (S'^ [0, T] , H-H^gpjQ^j), p> 1, is a Banach space and S'^[0,T], < p < 1, is a 
complete metric space with the metric p{Zi, Z2) = \\Zi — Z2\\gp^Qj^^ (when p = the metric 
convergence coincides with the probabihty convergence). 

If H = R'^ we will denote 5^ [0, T] by [0, T] . 

Let (Ho, Hho) be a real separable Hilbert space and 

B = {Btiip) : {t, ip) e [0, T] X Mo} C L° {Q, P) 

a Gaussian family of real-valued random variables with zero mean and covariance function 

E[£,((/p)5,(^)] = (tA5)x(</p,^)H^, V(^,t/'eHo, Vs,te[0,T], 

where t As — min {t, s} . We call {B,{J^t}) a Ho- Wiener process if, for all t e [0, T], we have 

(i) J^f = a{Bs{ipy, s e[0,t],ipe Ho} V TVp C J^j and 
(m) Bt^hi'p) — Bt{ip) is independent of J^t , for all /i > 0, e Ho. 

Note that, given any orthonormal basis {e,; i G / C N*} of Hq, the sequence = {PI = 
Bt{ei); t e [0, T]}, i G /, defines a family of independent real- valued standard Wiener 
processes (Brownian motions). Moreover, if Hq is of finite dimension, we have 

Si = ^/3,^e,, te[o,r]. 

i>l 

In the general case this series does not converge in Hq, but rather in a larger space Hq, 
Hq C Hq which is such that the injection of Hq into Ho is Hilbert-Schmidt. Moreover, 

B e M^{Q,T- Ho). 

By A^^(0,T;H), p > 1, we denote the space of H-valued continuous, p-integrable mar- 
tingales M, that is, the space of all continuous stochastic processes M : f2 x [0, T] — >• H 
satisfying, P-a.s, 

(mi) Mo = 0, 

(ms) E|Mt|*' < 00, Vt e [0,T], 

(mg) E [Mt\Ts] = M„ for aU < s < t < T. 

M.^{0, T] H) is a Banach space with respect to the norm ||^||^p = (E \Xt\^)^^^; in the case 
p > 1, MP{0, T; H) is a closed hncar subspacc of [0, T]. 

In order to define the stochastic integral with respect to the Ho-Wiener process B, we 
introduce a class of processes with values in the separable Hilbert space £^(Ho; H) of Hilbert- 
Schmidt operators from Ho into H, i.e. the space of linear operators F : Ho — H satisfying 

i=l 
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Denote A^^jj^ (0,T) , p G [0, oo[, the space of progressively measurable processes 
Z : nx]0,T[^ £2(^Mo;H) such that: 



\Z\ 



E 



E 



1 A 



;A1 



iip> 0, 



if p = 0. 



The space (A^ixeo (0' ^) 



), p > 1, is a Banach space and A^^^ (0,T), < p < 1, is a 



complete metric space with the metric p{Zi, Z2 



Consider {cj; i E I C N*} an orthonormal basis of Hq. Let Z G A^^Ho (^j T), with p > 0. 
The stochastic integral / is defined hj Z ^—>- 1. {Z), where 

ItiZ):= [ ZJBs = y^[ Z,{e,)dB,{ei), te[0,T]. 
Jo Jo 

Note that it doesn't depend on the choice of the orthonormal basis of Hq. The application 

/:A^,Ho (0,T)^5^[0,T] 
is a linear continuous operator and it has the following properties: 



[a) 
(b) 
(c) 



EIt{Z) = 0, ifp>l, 

E\lTiZ)\^=\\Z\\l, , 
1 



if p > 2, 



I 7\\P 



<E sup \It{Z)\P <Cp\\Z\\% , ifp>0, 
te[o,T] 

(Burkholder-Davis-Gundy inequality) 

(d) I{Z) G MP{n X [0, T];M), p>l. 

The definition and the properties of the stochastic integral can be found in Pardoux & 
Ra§canu [H] or Da Prato & Zabczyk [15]. 

If Ho = and M = W^ then {Bt, t > 0} is a /c- dimensional Wiener process (Brownian 
motion); £^(HIo;]HI) is the space of real matrices F = {fij)jy.i. and \Ff := 



\HS 



2 



In this situation, the space A^^jj (0, T) will be denoted by A^^^ (0, T) . 
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2 Fitzpatrick function approach 

2.1 A Generalized Skorohod problem 

Throughout this section EI is a real separable Hilbert space with the norm 
product (■,■). 



and the scalar 
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We study the multivalued monotone differential equation 

f dx (t) + Ax (t) (dt) 3 dm (t) , 
(7) < (GSP) 

[ x{0)=xo, t> 0, 



where we assume 



A : H =^ EI is a maximal monotone operator, 



(Hgsp) ■■ { (ii) xo e Dom{A), 

(Hi) m : [0, oo) — > EI is continuous and m (0) = 0. 



Definition 4 A continuous function x : [0, T] — > EI a solution of Eq. ([^ ifx (t) G Dom{A) 
for alio <t <T, (T arbitrarily fixed) and there exists A; e C ([0, T] ; H) H BVo ([0, T] ; M) 
such that 

x{t) + k{t) = xo + m{t) , VO < t < T 

and 

(8) f {x (r) - z, dk (r) - z*dr) > 0, V {z, z*) e A, VO < s < t < T. 

^ s 

(Without confusion, the uniqueness of k will permit us to call the pair {x, k) solution of the 
generalized Skorohod problem (GSP) and we write {x, k) = QSV [A] Xq, m).) 

In virtue of this definition, the (classical) Skorohod problem (for more details, one can 
consult Cepa [8] or [9]) is obtained for A = OIe '■ I^*^ =^ IR*^, where E' is a closed convex 
subset of M'^, 

0, if X G E, 
f oo, if X G \ ^ 



Ie {x 

and 



0, if X G int{E), 

dlE{x) = { {z/GM"': (z/,?/-x) <0, for ally G^}, if x G 5rf (E) , 

iix^E. 

The definition of the solution can be given in a equivalent form as follows. 

Definition 5 A continuous function x : [0, T] ^ M"* x M.'^ is a solution of Skorohod problem 
in E if X (t) e E for all < t < T and there exists k G C ([0, T] ; M^) f] BVq ([0, T] ; W^) 
such that 

ft 



\k\t = I Ms)(iBd{E)d\k\^ 

Jo 



kit) = I n^(s)d Ikl^ , where n^^s) e Ne (x (s)) 



and \nx{s) \ = 1, d I k Is —a.e. 



and 



x{t) + k (t) = Xo + m (t) , Vt G [0, T] . 
(Ne (x) denotes the outward normal cone to E at x E E.) 
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Let A : C([0,r];EI) =^ i?Vo ([0, T] ; H) be the realization of the maximal monotone 
operator A : EI ^ H and 

X = {/iGC([0,T];e):/i(0)=0} 
the linear closed subspace of C ([0, T] ; H) . For each i? > 0, we define 

YR = {keC{[0,T];m):k (0) = 0, Ikl^ < R} ; 

is a closed subset of C ([0,T] ; H) and, consequently, it is a metric space with respect to 
the metric from C ([0, T] ; H). Remark that, by Helly-Foia§ theorem (see Barbu & Precupanu 
[3], Theorem 3.5 & Remark 3.2), it is also a bounded w*-closed subset of BVq ([0,T] ;EI). 

Let a : ]R_|_ —>■ ]R_|_ a continuous function such that a (0) = 0. Denote 

Ca = {x e X : {e) < a {e) for all e > 0} . 

Here the function : ]R_|_ — > represents the modulus of continuity of the continuous 
function x : [0, T] — * EI and it is defined by 

(6) = mx,T (S) = sup {|x (t) — x {s)\ : \t — s\ < S, t, s E [0, T]} . 

Clearly, Ca is a bounded closed convex subset of X. 

Consider, for each {u,u*) G A and z/ G X, the function J(u,u',v) : EI x X x Yr x X — > R 
given by 

2 r 

J(u,u*,u) («, X, k, ^) = \a — xo\ + / [{u (t) , dk (t)) + {x (t) , du* (t)) — {u (t) , du* (t))] 

Jo 

T pT 

{x (t) , dk (t)) + 2R ll/i - m||^ + / (/i (t) - (t) , dk (t)) - R\\u-m 

Jo 

and J : EI X X X Y/j X X ^] — oo, +oo], defined by 
J{a,x,k,n)= sup J(^u,wm) {a,x,k, n) 

= \a — xo\^ + 7i (x, /c) — ((x, fc)) + 2R ||yU — mH^. + sup {((/i — z/, k)) — i? ||z/ — m||y} , 

where 7i : C ([0, T] ; EI) x i?Vo ([0, T] ; EI) ^] — oo, +oo] is the Fitzpatrick function associated 
to the maximal monotone operator A. 

Remark 6 J : EI x X x Yr x X — — oo, +oo] is a lower semicontinuous function as the 
supremum of the continuous functions J{u,u*,v)- 

Remark also that, for /i G Cq,, 

2R Wn — m\\j, + sup {((yU — u,k)) — R\\u — TnWj,} > -R ||/i — m||^ > 0. 

veCa 
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Proposition 7 Let R > and a : R+ M+ a continuous function such that a (0) = 0. 
The function J has the following properties 

(a) J (a, X, k, yu) > 0, for all (a, x,k, fi) eM. x X x Yr x Ca- 

(b) Let {a,x,k,fi) G EI x X x Y^j x Ca- Then J{a,x,k, fi) = iff a = Xq, fi = m and 
keA{x). 

(c) The restriction of J to the closed convex set 

K = {{a,x,k, fi) G EI X X X Y/j X Cq, : X + A; = a + yu} 
is a convex lower semicontinuous function; for (a, x, k, fi) G K, we have 

J{a, x,k, fi) = iff d = xq, fi = m and (x, k) = QSV [A] xq, m) . 

Proof. The points (a) and (6) clearly are consequences of the properties of the Fitzpatrick 
function 7i. Let us prove (c) . We have (a, x, k, n) G K and 

J (a, X, fc, yu) = \a — Xq\^ + Ti (x, k) — ((x, /c)) + 2R ||yU — m||y 
+ sup {((yU — z/, k)) — R\\v — i^Wt) 

1 1 

= |a — Xol +H{x,k)-\ — |x (T) — y(i (T) I \a\ — {fi (s) , dk (s)) 

2 2 Jq 

+ 2R Wfi — m||y + sup {{{fi — u, k)) — RWu — ''Tilly} 

= \xof - 2 {a, Xq) + ^ |a|^ + 7i (x, /c) + ^ |x (T) - /i {T)f 
+ 2R ||yU — m\\j. + sup {((— z^, k)) — i? ||z/ — m||j,} 

and the convexity of J follows. H 

In the sequel we prove the existence and uniqueness of the solution of the multivalued 
monotone differential equation ([7j). Our proof is strongly connected with the one from 
Ra§canu [16]. First highlight some properties of a solution (x, k) = QSV {A; xq, m) . 

Consider M. a bounded and equicontinuous subset of C ([0, T] ; H) and we denote 

||7M||-P = sup {||?/||y : ?/ G A^} and m^^x (S) = sup {niy^T (S) ■ y E M} 

Proposition 8 Fix T > 0. Let the assumption (Hgsp) be satisfied and 

int (Dam (A)) ^ 0. 

Then, there exists a positive constant C_m such that 
(a) If m ^ A4 and (x, k) = QSV {A; xq, m) then 

(10) ||2;||?. + lA;:^<C^(l + |xo|'). 
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(6) //m, m G M., {x, k) = QSV [A] xq, ra) and (x, k) = QSV{A; xq, rh) then 



(11) ||x — xll^^ < Cm (1 + |a^o| + |ai'o|) (ko — xo\ + ||m — m 



It J 



In particular, the uniqueness follows, that is, if Xq = Xq O'l^'d m = rh then (x, k) = (x, k). 
Proof, (a) In the sequel we fix arbitrary -Uq G EI and < tq < 1 such that 

B (Mo,ro) C Dam (A) 

and 

^* ,ro •= - ue A{uo + rov) , |f I < 1} < oo. 

If in dH]) we consider z = uq + rgf , |f | < 1 and z* E A (z), then \z*\ < ^4* and we infer 

(12) rod Ikl^ < (x (t) - uo, f^fc (t)) + A# [ro + |x (t) - no|] rft. 

Let 6q = 6o^_M > be defined by 

5o + mM,T {So) = ^• 

By Energy Equality 

2 2 

|x (t) — m (t) — Uo| +2/ {x (r) — uq, dk (r)) = \xo — Uo\ +2/ {m (r) , dk (r)) 
and, using (fT2|) . we obtain 



JO 



|x (t) - m (t) - Mo|'+2ro t^t, < |xo - Mo|'+2 / (m (r) , dA: (r))+2A# / [ro + |x (r) - Uo\] dr. 
Let TT-o = 



and consider the partition = to < < ••• < ^nn = ^) U+i — U = — < 

no 



5oj i = 0,^0 — 1 ([a] is the smallest integer greater or equal to a G M). Then 

"0-1 nti+i "0- 1 



/ {m{r),dk{r)) =J2 {m{r) - m{ti) ,dk{r)) +Y^{m{ti) ,k{t,+i) ~ k{ti)) 

"0-1 

< niM,T{5o) Ikl^ + ^ (m (tj) , m (t^+i) - x (ti+i) + uq - m (t^) + x (tj) - Mo) 



i=0 



^ ^ IHt + 2('^o + 1) \\x - Mo - . 
Hence 

|x (t) - m (t) - Mol' + ^ < l^o - Uof + [4 (no + 1) ||m||, + 2M# ||x - uo - m||, 



2(t + t||m||J<,, 
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which imphes ( ITOj) . where Cm = C(T,uo,ro, A*^ ^.^, 60, ik-mit.'- 
(6) By ordinary differential calculus and (fTOj) we infer 



ft 

|2 



\x (t) — m{t) — X (t) + m (t) \ +2 {x (r) — x (r) , dk (r) — dk (r)) 

Jo 

= |a;o — Xol + 2 / {m{r) ~ rh (r) , c/A; (r) — dA; (r)) 

< |xo - xol^ + 2||m - rh\\T[lklT + Iklr] 

< \xo - xof + 4C;^i||m - rh\\T{l + \xof + \xof )- 

On the other hand, 

\x (t) — m (t) — X (t) + rh (t) |^ > - |x (t) — a; (t)|^ — ||m — m||^ 

1 2 
^ ~ ^ ^^^^ — 2 IIA^IIy ||m — mllr 

Combining these last two inequalities with ([6]), we deduce 

\x (t) — X (t)\'^ <2|xo — a;o|^ + 4||7Vl||y||m — m||T + 8Cm\\^ — ^\\t{'^ + |a;o|^ + \xof) 

and f|TT]) easily follows, with a constant Cm', the two relations (|T0|) and (fTTl) can be written 
with a common constant Cm '■= max{C_A4, (7;^}. ■ 

Theorem 9 Under the assumptions (Hgsp), if we have also int{Dom{A)) 7^ 0, then the 
generalized convex Skorohod problem ^ has a unique solution {x, k) and estimates ( fiOj) and 

([ny hold. 

Proof. The uniqueness and estimates (fTOj) and (ITT!) have been obtained in the above result. 
It suffices to prove the existence on an arbitrary fixed interval [0,T]. 
Let Xo,„ e Dom{A) and m„ G ([0, T] ; H) be such that 

a^o,n — ^ a;o in H and — m in C ([0, T] ; H) . 

Notice that Jv[ = {m,mi,m2, . . .} is a bounded equicontinuous subset of C ([0,T] ;EI). We 
set a{e) = mM,T i^) and let J (resp. J„): EI x X x Y/j x X — ;>] — 00, +00] be the functions 
defined by associated to {xo,m,A) (and resp. (xo,n5 ""^n, ^))- Then 

J (a, X, k, fi) = Jn (a, X, /c, /i) — |a — a;o,n|^ ~ 2i? — m^H^^ + |a — Xq\^ 

+ sup {((/i — z/. A;)) — i? ||z/ — m\\j,} — sup {((/i — z/. A;)) — i? ||z/ — m„,||^} 

< Jn (o, X, A;, yu) — |a — Xo,n|^ 2i? — m„||y + |a — Xq\^ 
+ i? sup {\\v — rUnWrp — \\u — m\\rj.} 

< Jn (a, k, /i) — |a — Xo,n|^ — 2-R — m„||y + |a — Xo|^ + -R ||m — m„||y . 



13 



In particular, 

(13) J {xo,n,x,k,m„) < Jn{xo,n,x,k,mn) + \xo^n - Xof + R\\rn - m„\\j, . 

By a classical result (see Barbu [2], Theorem 2.2) there exist a;„ G C ([0, T] ; H) and 
hn e (0,T;e), (t) E Axn{t), a.e. t G [0,T], such that 

(14) Xn (t) + hn (s) rfs = Xo,n + m„ (t) . 

If we denote kn (t) = hn (s) ds, then {xn, kn) G A and therefore, by Fitzpatrick's Theorem, 
Jo 

T~C (x^, kn) {{-^n: kn)) ■ 

Then, using Proposition [HI there exists a positive constant C, not depending on n, such that, 
for all nj G N*, 

\\-^n -^J II 2^ — ^( l-^Ojn *^0,j I ~l~ H'^n || T ) • 

Hence, there exists x G C ([0, T] ; H) such that, as n ^ oo. 



Xn^x in C{[0,T];Dom{A)). 

Let 

k (t) = xq + m (t) — X (t) . 

We deduce that 

kn = xo^n + mn - Xn — ^ k in C ( [0, T] ; M) 

and clearly follows 

keBVi[o,T];m), lkl^<c. 

Setting R = C, the quantities J {xo^n,Xn,kn,mn) and Jn{xQ^n,Xn,kn,mn) are well defined. 
Moreover, by Proposition [TJ Jn{xo,n,Xn,kn,mn) = 0. Passing to liminf in ( |T3l) . the lower- 

semicontinuity of J implies 

< J {xq, X, k, m) < lim inf J (xo,n, a^n, ^n, "^n) = 0, 

that is, there exists a minimum point for which J is zero. By Proposition [7| (-(c)) we infer 
that the generalized convex Skorohod problem ([7]) has a solution. H 

Remark 10 We highlight that the existence problem is reduced to the minimization of a 
specific l.s.c. convex function on a hounded closed convex subset o/HxXx 5V" ([0, T] ; H) xX. 
Indeed, via Proposition^ (-{c)), the minimization of J is on the set Mp^ x X/j x Y/j x Ca, 
where 

= {/i G H : \h\ < po := sup{|a;o|, |xo,„| : n G N*}} , 

= G X : \\x\\rp < R} and R = C. Classical results (see Zeidler 118], Theorem 38. A) 
establish sufficient conditions for a functional defined on a subset of a reflexive Banach space 
to attain its minimum. 
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We note that, in the framework of Hilbert spaces, the assumption int{Dom{A)) ^ from 
the above results is fairly restrictive. One can renounce at this condition, but we have to 
consider a stronger assumption on m and, moreover, to weaken the notion of solution for the 
generalized Skorohod problem ([7]). Therefore, along H, we consider (V, IHly) a real separable 
Banach space with separable dual (V*, IHly,) such that 

V C HI = H* C V*, 

where the embeddings are continuous, with dense range (the duality paring (V*, V) is denoted 
also by (■, ■), and, for k : [0, oo) — > V*, k (0) = 0, we use the adequate notation J/cJ^j, = 

ll^ilsV([0,T];V*))- 

Reconsider the multivalued monotone differential equation ((Tj) under the assumptions 




Hgsp ■ (i) and (ii) , 

{iii') m : [0, oo) — > V is continuous and m (0) = 0. 



Definition 11 A continuous function x : [0, oo) ^ M. is a solution of Eq.^ if 

(i) there exist the sequences {xo,n} C Dom^A) and rrin '■ [0, oo) — > V, m„ (0) = of 
— continuous functions satisfying, for allT > 0, 

\XO,n ~ Xo\ + ll^n ^ ''^llc([0,T];V) ~^ aS U OO, 



{ii) there exist Xn G C {[Q, oo); Dom{ A)), fc„ e C([0, oo); H)nWo,ioc V*) , fc„, (0) = 0, 
and a function k such that 

Xn (t) + kn (t) = Xo,n + "^n (t) , Vt > 

and, for all T > 0, 

(a) \\xn — x\\rp + \\kn — k\\rp — > 0, as n ^ oo, 

(b) sup fknl^T < 
neN* 

(c) ^ {xn (r) - z, dkn (r) - z*dr) > 0, V {z, z*) e A, \fO<s<t<T. 

(Without confusion, the uniqueness of k will permit us to call the pair {x, k) solution of the 
generalized Skorohod problem ^ and we write {x, k) = QSV {A\ xq, m).) 

Remark 12 // (x, k) = QSV {A; xq, m) then we clearly have 



{iii) X (t) e Dom{A), for all t > 0, 

(iv) k e C([0, oo); m)r]BVo,ioc (K+; V*), A; (0) = and 
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(v) x{t) + k it) =xo + m{t), Wt> 0. 

Replacing now the condition int{Dom{A)) 7^ we obtain (see, for example, Ra§canu 
|16j . Theorem 2.3) the following result of existence and uniqueness of a solution for the 
generalized Skorohod problem ([7]). 

Theorem 13 Under the hypothesis [Hgsp), if there exist Hq & M. and rg, 01,02 > such 
that 

(15) ro\\z*\\^, < {z*,z - ho) + ai\zf + a2, '^{z,z*)eA 

then the differential equation ^ has a unique solution {x, k) in the sense of Definition [711 
Moreover, for allT > 0, 

(a) if {x,k) = QSV {A; Xo,m) and {x,k) = QSV {A; ctojih) , then there exists a positive 
constant C such that 



- Xol^ + Wm - m||y + ||m - mH^^p^^].^-, H ^ - ^ ]I*t 



and 



{h) for every equiuniform continuous subset M. C C([0,T];V), m G Ai, there exists 
Co = Cq (ro, ho, ai, 02, T^Mm) > for which 

(Here Mm is the constant of equiuniform continuity given by sup{||/(t) — /(s)||y : 
|t - s| < T/A(m} < ro/4, \/feM.) 

From Ra§canu |16j we mention three situations when the relation (|T5|) is satisfied: 

(a) A = Aq + d(p, where : H ^ H is a continuous monotone operator on EI and 
(y9 : EI — i>] — 00, +00] is a proper convex l.s.c. function for which there exist ho G 
EI, Rq > 0, ao > such that 

{ho + x) < ao, Vx G V, < -Rq- 

(6) o There exists a separable Banach space U such that U C H C U* densely and 
continuously and U fl V is dense in V, 

o y4 : EI =^ EI is a maximal monotone operator with Dom{A) C U, 

o 3a, A G M, a > 0, such that for all (xi, yi) , (x2, ?/2) € A 

{yi - y2, xi -X2) + X \xi -X2f >a \\xi - X2\\l , 

o 3ho G U, 3ro, ao > such that 

ho + roe e Dom{A) and ||v4° (/iq + roe) ||^. < tq, 

for all e G U n V, \\e\\^ = 1, where A^x := Pr^x 0. 

(c) A is a maximal monotone with int{Dom{A)) ^ and V = H. 
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2.2 Maximal monotone SDE with additive noise 

Consider now the following stochastic differential equation (for short SDE), where by B we 
denote the Hq- Wiener process defined in Section 11.21 

dXt + AXt{dt) 3 GtdBt , 



(16) 
where 



Xo = e, tG[0,T], 

A : H =^ EI is a maximal monotone operator, 



[Hmsde): { ill) ieL\n,J^o.¥-Dom{A)), 
[in) G e A^^H,^ . 

Setting X = L2 {Q- C ([0, T] ; H)), the space {Q- BVq ([0, T] ; H)) is a linear subspace of the 
dual of X and, the natural duality 



Jo 



between these two suggests to use the notation X* for (fi; BVq ([0, T] ; H)), even it is not 
the entire dual space. On X we shall consider the strong topology and on X* the w*-topology. 
Let A the realization of A on X x X*. 



Definition 14 By a solution of Eq. / iTq) we understand a pair of stochastic processes 
(X, K) e L° {Vl- C ([0, T] ; H)) x [L° ((]; C ([0, T] ; H)) n L° (fi; BV^ ([0, T] ; H))] , 
satisfying, P-a.s. u; G fi, /or all < s < t < T , 



(ci) G Dom(A), 

(cs) Xt + Kt=^ + / G^c^S, and 

(ca) / (X^ - u, dKr - i;rfr) > 0, V(u, t;) G A. 



Clearly, 



{X{uj, ■), i^(^, ■)) = SSV {A; e(c^), M(o^, ■)) , P-a.s. G 1], 

where Mt = GgdBs G A1^(0,T;E[). Consequently, under the hypothesis {Hmsde)-, if 
Jo 

int{Dom{A)) ^ % then by Theorem [9] there exists a unique solution {X,K) (in the sense of 
Definition [Hj) for Eq.( fT6l) . Moreover, if 
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then X G (fi; C ([0, T] ; H)) C X and G X n X* (see for example Pardoux & Ra§canu 
[Tij . Proposition 4.22). 

In the sequel we define a convex functional whose minimum point coincide with the 
solution of Eq. (ITBi) . 

Let 

§ = L2 (fi, P; e) X X X X* X A^^H^ . 
Define, for each {U, U*) e A, 

J{u,u*) : S — ^ IR 

by 

+E / [{Ut, dKt) + (Xi, dUl) - {Ut, dU:) - (Xi, dKt)] 
Jo 

and J : S ^] — CX3, +oo] 

J{r],X,K,g)= sup J{u,u*){v,X,K,g) 

{U,U*)€A 

= ^E\ri- el' + ^ K) - « X, K » +^E^ II - GtWls dt, 

where 7^ : X x X* — — oo, +oo] is the Fitzpatrick function associated to the maximal 
monotone operator A. It is clear that 

Remark 15 J : S ^] — oo, +oo] is a lower semicontinuous function as supremum of con- 
tinuous functions. 

Since H (X, K) > ((X, K)) , then we easily deduce 

Proposition 16 J has the following properties: 

(a) J {r], X, K, g) > 0, for all (r/, X, K, g) G §. 

ih) J {r],X,K,g) = iff r] = ^, g = G and K e A (X) . 

(c) Let R> 0. The restriction of J to the bounded closed convex set 

jO = S^{v,X,K,g)eS:Xt + Kt = r] + j^gJB,,\fte[0,T], 
E Ir^l' + E ||X|| J + ElKl^. + E^ Wg^Wls ds < i?| 

is a convex l.s.c. function and J {rj, X, K, g) = iff rj = ^, g = G and {X,K) is the 
solution of the SDE 17^) . 
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Proof. The points (a) and (6) clearly are consequences of the properties of the Fitzpatrick 
function Ti. Let us prove (c) . Since, by Energy Equality 



1, 



E|Xt|^ + E/ {Xt,dKt) = -E\t]\^ + -E 



\9t\ 



HS 



dt 



then 



-E 



^E + n (X, K) - ((X, K)) + ^E 



\9t-Gt\ 



HS 



dt 



Eier 



T 



t,Gt)dt 



-E 



T 



IGtWjjsdt 



and the convexity of J on the set C follows. ■ 

To complete this section, we will situate in the extended framework introduced in the 
final part of Subsection 2.1. We will consider once again the spaces H and V and we assume 
that V C EI = H* C V*, where the embeddings are continuous with dense range. Concerning 
the SDE flTB]) . the hypothesis (Hmsde) will be replaced by 



{Hmsde) 



(0 



A : H =^ EI is a maximal monotone operator and 
there exist /iq G H and tq, ai, 02 > such that 

'"o \\z* llv* < (-2*, z-ho) + ai \z\^ + 02, V {z, z*) G A 



[11] 
iiii] 



i e L\Q,J^o,F; Dom{A)), 
GeA'(0,T;C^mo,M)). 



Definition 17 Let Mt := f^^GJBs. A stochastic process X e (fi; C ([0, T] ; H)) that 
satisfies, P-a.s., Xq = ^ and Xt G DomlA), Vt G [0,T] is a (generalized) solution of multi- 
valued SDE /[TS\) if there exist 

K G (fi; G ([0, T] ; H)) n L° {n; BV (0, T; V*)) , i^o = F-a.s 

and a sequence of stochastic processes {M"}„gN. satisfying 



(17) 



M^eLl, {n;Gi[0,T];Y))nM^O,T; 
W — ^ M %n {0,T;B.) 



such that, denoting for a.s. uj E Vt, 

(X"(cj, ■), ■)) = QSV {A- e (cu) , M" (cj, ■)) , we have 

X" ^ X, iT" m (^], C ([0, T] ; H)) as n ^ 00 and sup E|ir"I^y < +00. 

n 

(Without confusion, the uniqueness of K permits us to call the pair (X, K) a generalized 
solution of the multivalued SDE ^E)-) 
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Recall, from Ra§canu [l6j, the following existence result which is a consequence of the 
corresponding deterministic case here above. 

Theorem 18 Under the assumption (Hmsde) the problem [TS\) has a unique generalized 
solution {X, K) . Moreover the solution satisfies 



[18) E sup \Xtf + E sup \Ktf + EllKll,T<Co 
te[o,T] ie[o,T] 



1 + E|e|' + E / WGtWls dt 
Jo 



where Cq = Cq (T, tq, Hq, Oi, 02) > 0. 

// (X, K) and (X, K) are two solutions of l[T^) corresponding to G) and, respectively, 
{i,G) then 



(19) 



E sup |Xi < C(T) 

te[o,T] 



E|e-er + E/ \\Gt-Gt\\j,sdt 




Proof. Since the process M does not have V-valued continuous trajectories, we use the 
deterministic result approximating the stochastic integral by the sequence 



M,":=^(Mi,e,)e, 



i=l 



where {cj; i G M*} C V is an orthonormal basis in H. By Theorem [131 there exists 
(X"(cj),K"(c<;)) = ^5P(A;^(cu),M"(cu)), F-a.s. u e n. It is not difiicuh to prove that 
the following inequalities hold 

E sup |Xr|2 + E sup |irr|2 + Et|ir"n*T<Co[l+E|er + E|M^|2] 
te[o,r] te[o,T] 

and, if (X" (uj) , K"" (uj)) = gSV{A; f (w), M"(cu)), then 

E sup |Xf - X^'f + E sup |Kf - i^i^p < C (T) [e|^ - f ^ + E|M^ - M^p 

So (replacing M" by M"'), there exist X, G L^^ (fi; C ([0, T] ; H)) such that X" ^ X and 
iT" ^ in (fi; C ([0, T] ; H)) as n ^ 00. The inequalities (HE]) and (HI) are immediate 
consequences and, as a by-product, (X, K) is a solution of Eq. (|T6l) . 

For more details, we invite the interested reader to consult Ra§canu [16]. ■ 



2.3 Backward stochastic ^—representation 

Let (f2, JF, P, {J-'t}t>o) be a stochastic basis, where {J^t}t>o is the standard filtration associ- 
ated to a Ho-Wiener process {Bt}t>o- 
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By the representation theorem, for ^ G jF-p, P; H) there exists a unique Z G 

^HxHo (0' ^) such that 



^0 

and, for each (^, if) G (fi, jFj^, P; H) x (0, T), there exists a unique pair 

(y,Z)G5^[0,T]xA^,HjO,T) 
such that ^ ^ 



and the mapping H) ^ (F, Z) : (fi, Tt. P; H) x A^j (0, T) 5^ [0, T] x A^.^^ (0, T) is 
hnear and continuous. {Y, Z) is defined as 

T 

) and ^ - / if.rfs = E ( ^ - / Hsds ) + / 



Denote 

Ft = Ci(e,i/) and Zt = Dt{i,H). 
Remark that, by the Energy Equahty, we have 

(20) E|Fi|' + Ey \\Zs\\]isds = ^\i\^ + 2¥.j^ {Ys, F,) ds. 

If A : HI ^ HI is a maximal monotone operator then the reahzation of A on A^ (0, T) 
is the maximal monotone operator A : A^ (0, T) ^ A^ (0, T) defined by if G ^ (Y) iff 
Ht (a;) G {Yt (a;)) , dP (g) dt-a.e. {u, t) e Q x ]0, T[ . The inner product in A^ (0, T) is given 
hy{{U,V))=Ej^{Ut,Vt) dt. 

Consider the backward stochastic differential equation 



(21) 
where 



-dYt + A (Yt) dt 3 -ZtdBt, t G [0, T] , 
[i) A : HI ^ EI is a maximal monotone operator and 



(ii) ^ e L\n,J^T,^;Dom{A)). 



Definition 19 F G 5*^ [0, T] is a solution of Eq. ^M) if there exist ii G A^ (0, T) and 
Z G A^^jj (0,T) such that 



Yt + J Hsds = i- j ZsdBs 
andH eA [Y) (that is, Ht (cu) G A {Yt {uj)) , rfP O dt-a.e. (w, t) G x ]0, T[). 
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Let 7? > and the ball ¥r = [rje {fl, J^t, P; H) : E \r]f < R}. 
For {U, U*) e ^ and C e Fr define 

J(C,t/,[/*) : (O, ^T, P; H) X (0, T) x (0, T) ^ R 

by 

JiC,u,u*) iv, Y, H) = |77 - + [{Uu Ht) + {Yt, U,*) - {Ut, U,*) - {Yt, Ht)] dt 

+^[E\c-v\'-^\C-^f] 

and J: (1],J^t,P;H) xA^ (0,T) x A^ (0,T) ^] -oo,+oo], 
(22) J{ri,Y,H) = sup { J(^,c;,t,.) (77, F, H) : {U,U*) e A, ( & ^r] 

^^E\rj-^f + n(Y,H)-{{Y,H)) + lsup [E |C - - E |C - Cl'] , 

where 7i : A^ (0, T) x A|[ (0, T) — 00, +00] is the Fitzpatrick function associated to the 
maximal monotone operator A. 

Remark 20 J : JF^, P; H) xA^ (0, T) x A^ (0, T) ^] - 00, +00] is a l.s.c. function as 

the supremum of the continuous functions J((;^u,u*) {VtY,H). 



If ^ e Fr then 



2R' + 2E \rjf > sup (E |C - Tyf - E |C - Cf) >E\rj- 



and clearly follows 

Proposition 21 Let R > and ^ G ¥r. J has the following properties: 

(a) J [t], Y,H)>n {Y, H) - {{Y, H)) > 0, for all (77, Y, H) e (Q, T^, P; H) x A^ (0, T) x 
A^(0,T). 

(6) Let {rj, Y, H) e F^x A^ (0, T) x A^ (0, T) . Then J{fj, Y , H) ^ iff f) ^ H e A{Y). 
(c) The restriction of J to the closed convex set 

K^{{ri, Y, H) e F«xA2 (0, T) x A^ (0, T) : = (77, i/) , e [0, T]] 

is a convex lower semicontinuous function and for {fj, Y,H) e K the following asser- 
tions are equivalent: 

(ci) inf J{ri,Y,H) = J{fi,Y,H)^0. 

(7j,y,if)eFflxA2(o,T)xA2(o,r) 
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(c2) f] = ^ and (Y, H, Z), with Zg = Ds{C,, H), is the solution of the BSDE l[21\) . 

Proof. (Sketch) Since the points (a) and (6) are obvious, we focus on (c). The convexity of 
J on K is obtained as follows. By Energy Equality we have 

^\Coiv,H)-CoiCO)f + Ej {Y,-C,{C,0),H,)ds + ^Ej \D, {rj, H) - {(,0)]' ds 

1™, .,2 



Then 

= ^E\r^- + ^J^ m, Ht) + (Ft, U;) - {Ut, U:) - (F,, Ht)] dt +]^[E\C - -E\C - ^l'] 
= \nv-i? + [r, H)) + ((y, U*)) - {{U, f/*))] + 1 \Co iv, H) - Co (C, 0)1' 

+ {{C (C, 0) ,H)) + ^-\\D iv, H)-D (C, 0)f - E IC - el' 
Hence 

{V,Y,H) ^ ■Hv,Y,H) = ^E\r^-^f + niY,H)+swpi^^\Co{v,H)-CoiCO)f 

+ {{C (C, 0) ,H)) + ^-\\D (r^, H)-D (C, 0)f - E |C - ^l' 

is, clearly, a convex lower semi continuous function. Then, the equivalence between (ci) and 
(C2) easily follows. ■ 



Proving the existence of a solution for the backward stochastic differential equation (12111 
is therefore equivalent to solving a problem on convex analysis. More precisely, it is sufficient 
to show that the functional defined by the formula fl22|) attains a minimum and its value in 
that point is zero. Unfortunately, this is still an open problem, but we estimate that the 
perspective and the tools introduced along this paper will lead us to the desired result. 



3 Fitzpatrick type method for SVI and BSVI 

In the following sections we will consider the finite dimensional case M = M'^ and Hq = 
Let {Bt,t > 0} be a A;- dimensional Brownian motion with respect to a given complete 
stochastic basis {fl,J^,P, {J-'t}t>o)- 
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3.1 Stochastic variational inequality 

3.1.1 Known results 

Let 

F : X [0, +oo[ xR'^ ^W^, G : n x [0, +oo[ x M"^ ^ M'^^^ 
Consider the stochastic variational inequality (for short SVl) 

dXt + dip{Xt) (dt) 3 Fit, Xt)dt + Xt)dBt, t > 0, 



(23) 



where will assume 

(24) 

and 



fHr 



(25) 



fH 



(i) (f : M.'^ ^] — oo, +oo] is a convex l.s.c. function, 
[ii) int{Dom{ip)) ^ 0. 

Definition 22 A pair {X, K) ^ x , Kq = 0, is a solution of the stochastic variational 
inequality [23^) if the following conditions are satisfied, W-a.s.: 

{di) Xt e Dom{(p), a.e. t > and (p{X) G Lj^^ (0, oo) , 

(rfs) IKI^ < oo, VT > 0, 

(4) Xt + Kt = ^+ f F{s,Xs)ds+ [ G{s,X,)dBs,Wt>0, 



(26) 

(d,) I {y{r)-Xr,dKr)+ I y^{Xr)dr< I v{y{r))dr, 

Vy : M+ M°' continuous function and ^0 < s < t. 

Notation 23 The notation dKt G dip (Xt) (dt) will be used to say that {X, K) satisfy 
(di) , (^2) (ind (c/4) . The SDE [23\) will he written, also, in the form 

Xt + Kt = i+ [ F{s,X,)ds+ [ G{s,X,)dBs, Vt > 0, 
Jo Jo 

dKted^ [Xt) (dt). 

Remark (see Asiminoaei & Ra§canu [1]) that the condition (^4) from Definition [22] is 
equivalent to each of the following conditions, for any fixed T > 0, 

(ai) /" (-2 - Xr, dKr) + f <p{Xr)dr <{t- s)^{z), Vz G VO < s < t < T, 

J S J S 

j {Xr - z, dKr - z*dr) > 0, V (z, z*) e d^f, VO < s < t < T, 

T 



(02 



(as) / {y{r)-Xr,dKr)+ <^(X,)dr < / <^(y(r))dr, G C([0, T], M^) 
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Hence, the condition (d^) means that (X. (u) , K. {u)) G dip, P-a.s., where (f is the reahzation 
of on C ([0, T] ; R"^) , that is ^ : C([0, T]; M^) - oo, +cx)], 

, I / V^l^WMt, z/^(a;)GLi(0,T), 

(27) <p{x) = ( Jo 

y +00, otherwise. 

Notation 24 We introduce the notation: 

F*{t) := esssup{|F(t,x)| : |a;| < R} . 

We recall the basic assumptions on F and G under which we will study the multivalued 
stochastic equation fl23l) : 

o the functions : Vt x [0,+oo[ -> and : x [0, +cx)[ W^""^ are 

progressively measurable stochastic processes for every x G W^, 

o there exist ji G L^^^^ (0, 00) and £ G L;^^^ (0, 00; M+), such that (iP ® dt-a.e.: 

Continuity: 

a; I— > F (t, x) : M*^ ^ M'^ is continuous, 

Monotonicity condition: 

(28) (H^) : <! (M^) : {x-y, F{t, x) - F{t, y)) < fi [t) \x - y\^ Vx, y G R", 



fB, 



and 



(29) 



fH 



G) 



(BJ 



Boundedness condition: 

/ F* (s) ds < 00, for all R,T>0. 
Jo 



Lipschitz condition: 

\G{t,x)-G{t,y)\<i{t)\x-y\, Vx, y G 
Boundedness condition: 

T 

\G{t,0)\^dt < 00. 



Clearly (H^) and (H^) yield F(-, -, X) G L^^^^ (M+; M'^) and G(-, -, X.) G A^^^ for all X G S^. 



Theorem 25 // the assumptions [24\ ), [2^) . [28\} and [2U) are satisfied, then the SDE ^ 
has a unique solution {X,K) ^ x (in the sense of Definition {2^. Moreover, if there 
exist p > 2 and Uq G int {Dam (</?)) such that, for all T > 0, 



p/2 



(30) 
then 



< +00, 



\F{t,uo)\dt\ \Git,uo)\^dt\ 
Ei\\Xr^+\\K\\f + lKlf)+EU^ \ifiXr)\dr\ < 00. 
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(For the proof see Pardoux & Ra§canu [H], Theorem 4.14.) 



3.1.2 Fitzpatrick approach 

In this subsection, assumptions (Hi;') and (Hg) are replaced by 

(i) the functions F{-,-,x) : Q x [0,+oo[ R"' and G{-,-,x) : Q x [0,+oo[ ^ R'^'^'' are 
progressively measurable stochastic processes for every x G M*^ and, dF ® dt-a.e., 

{ii) X F {t,x) : R'' ^ R"* and x ^^ G (t, x) : R*^ — * R''^^ are continuous, 

{Hi) for all x, ?/ G R"^ 

(31) 2{x-y,F{t,x) - F{t,y)) + \G{t, x) - G{t,y)\'^ < and 
(if) there exists 6 > such that, for all x G R'^, 

(32) |F(t,x)| + |G(t,x)| <6(l + |x|). 

Remark 26 // ^{t) + (t) < 0, for every t > 0, then the assumptions l[2R-l\/lp) and 
^M-Ln ) implies that (EI]) holds. 

Denote 

§By [0, T] = {Ke S° [0, T] : i^o = 0, E < oo} , 

with the u;*-topology, that means K"^ ^ K ii lim E {Xt, dKJ") = E {Xt, dKt), for all 

X G L2(n;C([0,T];R'^)). 

Let $ : [0, T] ^] - oo, +oo] defined by 

E / ip{Xt)dt, if ^{X) G Li(r]x]0,T[), 
+00, otherwise. 



(33) $(X) 



Since : R'^ — — oo, +oo] is a proper convex l.s.c. function then $ is also a proper convex 
l.s.c. function. 

Let 

§ := L2(fi,^o,P;^om(</.)) X Sl[Q,T] x §w [0,T] x ALJ0,T) 
and, for each U G Dam ($) = {X G 5*^ [0,T] : $(X) < oo}, we consider the mapping 
Jt/ : § — s>] — oo, +oo], defined by 

'■^ r 1 J 

ds 



Ju{v,X,L,g) =1-E\7]-^\' + e[ 
(34) ^ 



{Us - X„ F {s, Us)) +i \gs - G {s, Us)f 



rp 

+e[ {Us-Xs,dLs) + <^{X)-<i>{U) 
Jo 



and J : S — ^1 — oo, +ool 



J {r],X,L,g) := sup Ju{v,X,L, 

U&Dom{<!>) 
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Remark 27 J : § — — oo, +00] is a lower semicontinuous function as supremum of lower 
semicontinuous functions. 

We now have 

Proposition 28 J has the following properties: 

(a) J {rj, X, L, g) > 0, for all {rj, X, L,g) G § and J is not identically +00. 

(6) Let {fi,X,L,g) G §. Then 

J{fj,X,L,g)=0 iff fj = ^, g. = G{-,X), L + [ F{s,X,)dsed^X). 

Jo 

(c) The restriction of J to the closed convex set 

h=!^{r],X,L,g)eS:Xt + Lt = v + j^ 9sdB,, Vt G [0, T] | 

is a convex l.s.c. function. If {fj, X , L, g) G L, then J^fj, X , L, g) = iff 

fj = ^, g. = G{-,X.) and {X,L + J^F{s,Xs)ds) is a solution of the SVI H^j- 

Proof, (a) If X ^ Dom ($) then J {r], X, L, g) = +00. If X G Dom ($) then 
Jiv,X,L,g)= sup Juiv,X,L,g) 

U(^Dom{<!>) 

>Jx{v,X,L,g) 

= ^E\r]-^f + ^Ej \g,-G{s,X,)fds 
> 0. 

J is a proper function since, for vq G d(p (uq) and r]^ = ^, X° = uq, = vot — J^F (s, uq) ds, 
gg=G (s, Uq), we have (using the assumption (!3T1) ) that 

Ju (r/°, X°, L°, g^) < 0, for all U G Dom ($) . 

(b) If J(r), X, L, ^f) = 0, then X G Z^orn ($) and by the calculus from the proof of (a) we 
infer fj = ^, g = G{-, X.) and 

Juiv, X, L, ^) < 0, for all U G L'om ($) . 

Hence 

(^f/, - X„ F (s, f/,) ds + dLg'j + <I>(X) < $ (f/) , for all f/ G Dom ($) . 
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Let V G Dom ($) and A g]0, 1[ be arbitrary. Since Dom ($) is a convex set, we can replace 
U by (1- X)X + XV.lt follows 

AE / (Vs - Xs, F{s, Xs + A(K - X,))ds + dL,) + <I>(X) 



< $((1 - A) X + A1/) < (1 - A) $(X) + A$ {V) , 
which is equivalent to 

e[ (Vs- Xs, F{s, Xs + A(K - + dis) + < $ (\/) 



for all y G Dom ($) . By the continuity oi x ^ F {t, x) and assumption ( |32l) we can pass to 
limit under the last integral, and it follows that L + J^F{s, Xs)ds G 
Conversely, using (1311) . we have 







+ E / ( f/, - X„ F{s, Xs)ds + dLs) + $(X) - $ (f/) 
< 



and, consequently, J(^, X, L, (?(■, X )) = 0. 

(c) The second part of this point is easy to observe, and, therefore, (X, L + JqF{s, Xs)ds) 
is a solution of the SVI fl23l) . 

It remains to prove the convexity of J on L. By the Energy Equality we have 



-E|XTr + E/ {Xs,dLs) = -E\7]\' + -E Igsl'ds 
^ Jo ^ ^ Jo 

and, using it in the formula flMl) . the functional Ju {ri,X,L,g) becomes 



P ds 



+ 



E/ {Us,dLs)--E\7]\' I \gsrds + -E\XT\ 



Ju{v,X,L,g) = ^K\7]-^f + Ej^ {Us - X^, F {s,Us) ds) + \gs-G{s,Us 

h $ (X) - $ (U) 

= -E(r/,e) + iE|e|' + E/ {Us-Xs,F{s,Us)ds)+E [ {Us,dLs) 
^ Jo Jo 

+ Je|Xt|' + ^e/ \G{s,Us)fds-E [ ((7., G (s, f/,)) rfs + $ (X) - $ (f/) . 
^ ^ Jo Jo 

It clearly follows that Ju is convex and lower semicontinuous for Vf/ G Dom ($) . Conse- 
quently, the mapping {r],X,L,g) 1 — > J{r],X,L,g) = sup^ ^^^^(^^-^ Ju (v, X, L, g) has the 
same properties. 

The proof is now complete. ■ 
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(35) 



3.2 Backward stochastic variational inequality 

In this section we suppose that the filtration {J-'t : t > 0} is the natural filtration of the 
/c-dimensional Brownian motion {B^ : t > 0}, i.e., for all t >0, 

J^t ^J^t^-.^cr {{B, : < s < 0) VTVp. 

3.2.1 Known results 

Consider the backward stochastic variational inequality (for short BSVI) 
-dYt + d<f {Yt) dt3 F {t, Yt, Zt) dt - ZtdBt, 0<t <T, 

or, equivalently, 

pT r-T 

Yt + Hsds = ^ + F{s,Y,,Zs)ds- l^ZsdBs, te[0,T], P-a.s., 

Ht (lo) e d(p (Yt (a;)) , dP ® dt-a.e. 
We assume 

(H^) : ^ : O ^ M*^ is a Fy-measurable random vector, 

(H^) : d(p is the subdifferential of the proper convex l.s.c. function (/? : R*^ — >] — oo, +oo], 
(Hf) : F : X [0, oo[ X M'^ X M'^^*^ M"' satisfies 

o the function F {-^-.y, z) : fix [0, T] — > M'' is a progressively measurable stochas- 
tic process for every (y, z) eW'- x M'^^*^, 

o there exist some deterministic functions fi & (0, T;M) and i & L"^ (0, T;M), 
such that, 

' (i) for all y, y' e R'^, z, z' e dF ® dt-a.e. : 

Continuity: 

(Cy) : y — > F (f, y, : M<^ ^ is continuous, 

Monotonicity condition: 
(M,) : {y' - y, F(i, y\ z) - F{t, y, z)) < pL (t) \y' - y^, 

Lipschitz condition: 
(L,): \Fit,y,z')-F{t,y,z)\<e{t) \z' - z\, 

(ii) Boundedness condition: 

{Bp) / F* (t) dt < oo, F-a.s., Vi? > 0, 
Jo 



(36) 
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where 

F*it) = snp{\Fit,y,0)\:\y\<R}. 

Definition 29 A pair {Y, Z) G [0,T] x A°^^ (0,T) of stochastic processes is a solution of 
the backward stochastic variational inequality (3^) if there exists a progressively measurable 
stochastic process H such that, F-a.s., 

(a) / \Ht\dt+ f \F{t,YuZt)\dt<^, 
Jo Jo 

(6) {Yt{u),Ht{uj)) ed^, a.e.te[0,T] 

and, for all t G [0, T], 

(37) Yt+ [ HJs = r]+ [ F{s,Y„Z,)ds- [ ZJB,. 

Jt Jt Jt 

(Without confusion, the uniqueness of the stochastic process H will permit to call the triplet 
{Y,Z,H) a solution of Eq.^.) 

We introduce now a supplementary assumption 

(A) : Tliere exist p > 2, a positive stochastic process /5 G (i7 x ]0,T[) , a positive 
function b E (0, T) and a real number k > 0, such that for all (m, ii) G d(p and z G R'^^'' 

{it, F (t, u, z)) < ^ \uf + Pt + b (t) \uf + K \z\^ , dF ® dt-a.e. 

Theorem 30 Let assumptions (H^), (H^), (Hi?) and (A) be satisfied. If there exists uq G 
Dam {dip) such that 



(3J 



E|e|^ + E|<^(0|+E(^^ |F(s,Mo,0)|ds^ < oo, 



then the BSVI ^3^) has a unique solution (F, Z) G [0, T] x A^^^ (0, T) . Moreover, unique- 
ness holds in S][^ [0, T] x A^^^i, (0, T) , where 

Sl^ [0,T] :=U^.^[0,T]. 
(For the proof see Pardoux & Ra§canu [H], Theorem 5.13.) 
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3.2.2 Fitzpatrick approach 

In this subsection the assumptions (H^;') are replaced by 

(i) the function F{-,-,y,z) : x [0, +oo[ — > R'^ is a progressively measurable stochastic 

processes for every [y, z) eM.'^' x M'^^'^. 

(ii) {y, z)^ F {t, y, ^) : M"' x M"'^^ R'^ is continuous dF (8) dt-a.e., 
{in) for aU y, y' e R'^ and z, z' e R'^'"' 

(39) {y-y',F{t,y,z)-F{t,y',z')) <^\z-z'\, dF^ dt-a.e., 

{iv) there exists b > such that, for all y e R'', 

\F{t,y,z)\ < 6(1 + |y| + \z\) , dF^ dt-a.e. 

Remark that, if 

W + W < 0, a.e. t > 0, 

then the assumptions (Hi;') implies (i) — {Hi) . 

Denote by $ : 5^ [0,^] — — oo, +oo] the proper convex lower semicontinuous function 
defined by 



$(X) :-- 



e[ ^{Xt)dt, ^{X)eL\nx]0,T[), 
Jo 

+00, otherwise 



For each 

{U, V)eB:^ Dam ($) x x [0, T] ; W^) 

we introduce the function 

J^u,v) ■ S i^'(^^, P, K') X (0, T) x 5j (0, T) x A^, (0, T)^R 

by 

1 

J(u,v){v, G, Y, Z) := -E \n-^f + Ej {Ut - Yt, F{t, Ut, Vt) - Gt) dt 

1 r'^ 

--EJ \Zt-Vtfdt + ^{Y)-^{U) 

and consider the functional J : S ^] — oo, +oo], 

J{r),G,Y,Z) -.^ sup J(u,v){v,G,Y,Z). 

(U,V)G» 
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Remark 31 J : § — — oo, +00] is a lower semicontinuous function as supremum of lower 
semicontinuous functions. 

We now have 

Proposition 32 The mapping J has the following properties: 
(a) J(r7, G, y, Z) > 0, V(?7, G, Z) G § and J is not identical +00. 
ib) Let {fi, G, Y, Z) G §. Then 

Jiv,G,Y,Z)=0 iff V = ^, Fiy,Z)-Ge^^Y). 
(c) The restriction of J to the closed convex set 

K = S^{7],G,Y,Z) eS: Yt = rj + Gsds- Z^dB^, Vt G [0,T]| 

is a convex lower semicontinuous function. If {fj, G, Y, Z) G K, then 

J{fi,G,Y,Z) = iff fj = ^ and {Y,Z,H),with H = F{Y,Z) - G 

is a solution of the BSVI (E^j- 

Proof, (a) If F ^ Dom{^) then J(^uy){r],G,Y, Z) = +00 and if F G Dom{^), we have 
J{ri, G, Y, Z) > J(Y,z){f]-, G, Y, Z) > 0. Moreover, J is a proper function since for vq G d^p {uq) 
and rf = ^, Y^^ = uq, Z^ = 0, G^ = F (t,uo,0) — vq we have (using the assumption ( l39i) ) 
that 

J{u,v) (^°, G", y°, < 0, for all {U, V) G D. 
(6) If J(r), G, r , = then 

J(C7,y)(r}, G, F, Z) < 0, Vf/ G Dom ($) , G (^] x [0, T] ; R"^) . 

So, for all (f/, V) G ©, 

^E|r/-e|' + E^ (Ut-%F{Ut,Vt)-Gt)dt-]^^ \Zt -Vt\^dt + ^{Y) - ^ {U) < 

which yields Y G Z^om ($); taking in particular U = Y and \^ = Z, we infer 

fj = ^, P-a.s. 

Hence, for all (f/, l^) G ©, 

(40) ^f/^_y^,F(f/^,l/^)_G'^^rft + $(y) < 1^^ - y^pdt + $ (f/) . 
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Since D is a convex set, we can replace {U, V) by ((1 — X)Y + XU, {1 — X) Z + W), where 
A G (0, 1) . The convexity of $ leads to the following inequality 

(Ut - % -\)Yt + XUt, (1 -\)Zt + XVt) - Gt) dt 



A, 



T 



<'-El \Zt-Vt\^dt + <!>{U)-^Y). 



Passing to liminf, we deduce 

A — ^■O 



{Ut - Y„ F{Yt, Zt) - Gt) dt + <$([/), Vt/ G Dom ($) , 

that is 

F{Y,Z)-Ge d^{Y). 
Conversely, using assumption fl39|) we have 

J^uy){i.G,Y,Z) 

= eJ (Ut-Yt,F{UuVt)-Gt)dt-h. j \Zt~Vt\^dt + ^{Y)-^{U) 



<^J (^Ut-Yt,F{Ut,Vt)-F{Yt,Zt))dt-^Ej \Zt-Vt\'dt 

T 







+ E / {Ut-Yt,F{Yt,Zt)-Gt)dt + ^Y)-^iU) 
< 



and, consequently, J(r), G, Y, Z) = 0. 

(c) If, moreover, (17, G, Y, Z) G K, then 

Yt+ f iF{t,Zs)-G,)ds = fj+ [ F{Ys,Zs)ds- [ ZJB, 
Jt Jt Jt 

and 

F{Y,Z) -Ge 

that is, (Y, Z, F{Y, Z) - G) is solution of the SVI (l35l). 

The convexity of J on K is obtained as follows: by the Energy Equality we have 

|yo|' + E/ \Zs\^ds = E\r]\^ + 2E {Ys,Gs)ds 
Jo Jo 



33 



and J{u,v){Vj G, Y, Z) becomes 

J^u,v)iv,G,Y,Z) = lE\ri-^f + E[ {Ut - Yt, F{Ut,Vt)) dt - E [ {Ut,Gt)dt 
^ Jo Jo 

+ e[ {Yt,Gt)dt-\E I \Zt-Vt\^dt + ^{Y)-^{U) 
Jo ^ Jo 

= ]-E lei' - E (77, + E / {Ut - Yt, F{Ut, Vt)) dt-E f {Ut, Gt 
^ Jo Jo 

+ eJ^ {Zt,Vt)dt-^Ej^ \Vtfdt + ^E\Yof + ^{Y)-^(U). 



Hence J is a convex l.s.c. function as supremum of convex l.s.c. functions. 

The proof is now complete. ■ 

Acknowledgement 33 The authors are grateful to the referees for the attention in reading 
this paper and for their very useful suggestions. 
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